
Methods of Cost-Benefit Analysis 



ÁList costs 
ÁList benefits 
ÁIdentify timing of costs 
ÁIdentify timing of benefits 
ÁDetermine discount rate 
ÁDetermine discounted present value of costs 
ÁDetermine discounted present value of benefits 
ÁSubtract DPV of Costs from DPV of Benefits ɀ 
ÕÎÄÅÒÔÁËÅ ÐÒÏÊÅÃÔ ÉÆ ÔÈÅ ÒÅÓÕÌÔ ÉÓ ÐÏÓÉÔÉÖÅȟ ÄÏÎȭÔ 
otherwise (if all the previous steps have been 
completed successfully, this step really is easy) 



ÁDifficult to identify all of the social benefits 
and social costs 

ÁLack of awareness if the costs do not fall on a 
well-organized and recognized stakeholder 

ÁCosts and benefits that are difficult to express in 
monetary terms or whose values are implicit 
rather than explicit may be downplayed 



ÁDifficult to predict project completion ɀ 
projects often have delays (may be the result 
of political jockeying) 
ÁUseful life of a project difficult to predict ɀ so 

the length and size of the stream of net 
benefits is difficult to predict 



ÁThe appropriate discount rate is the rate that 
reflects the social opportunity cost of the 
resources put into the project 

ÁDifferent stakeholders are likely to account for 
different parts of the benefits and costs of the 
project, so they will apply different social 
discount rates (innocent explanation) 

ÁDifferent stakeholders desire different 
outcomes, so they may lobby for a discount rate 
favorable to the preferred outcome (political 
explanation) 



ÁThe stream of social benefits and social costs 
may be difficult to determine because some 
benefits and costs may be difficult to express 
in monetary terms.  They may have implicit as 
opposed to explicit values. 



ÁMethods for determining implicit costs: 

ÁWe have discussed the hedonic method for 
determining implicit values 

ÁNow we will discuss another method for 
ÄÅÔÅÒÍÉÎÉÎÇ ÖÁÌÕÅÓ ÆÏÒ ÔÈÉÎÇÓ ÔÈÁÔ ÄÏÎȭÔ ÈÁÖÅ 
explicit prices ɀ shadow prices 



ÁConstrained optimization (maximizing or minimizing 
some objective subject to side conditions) is the most 
common modeling method in neo-classical 
economics: 
ÁFirms maximize profits subject to a variety of constraints, 

such as the production function 
ÁConsumers maximize utility subject to the budget 

constraint 
ÁCommon elements in constrained maximization 

problems 
ÁObjective function (profits for firms, utility for consumers) 
ÁConstraints or side conditions (often expressed as 

equations in neo-classical framework) 



ÁElements of the LP Problem 

ÁLinear objective function 

ÁLinear inequality constraints 

ÁNon-negativity conditions 

ÁThe linear elements in the first two bullet 
points above is what makes it an LP; if either 
of these is non-linear, then we have a non-
linear programming (NLP) problem 



ÁOptimal product mix:  Suppose a firm can 
produce two outputs, X and Y, using resources 
(inputs, such as materials, equipment, labor). 
Suppose the resources are capital (K) and 
labor (L), and that these resources are 
available in fixed supply. 
ÁFurthermore, assume that the prices of the 

outputs (X and Y) are known, but the prices of 
the inputs (K and L) are unknown. 



ÁWhen would we ever not know the prices of 
the inputs?  Actually, there are many cases 
where the true prices are not known 
explicitly. This is particularly true at lower 
levels of a hierarchical organization, where 
the resource amounts are assigned directly 
from a higher level of the organization.  
%ØÁÍÐÌÅÓ ÉÎÃÌÕÄÅ ȣ 



ÁThe optimal product mix problem is to choose 
the amounts of X and Y to produce given the 
available (and fixed) amounts of K and L, and 
given the production technologies for 
producing  X and Y, respectively, from K and L 
ÁThe optimal product mix problem becomes 

an LP problem if the objective function is 
linear, the side conditions include linear 
inequality constraints, and if the choice 
variables must be non-negative. 



ÁEach of the points in the previous slide corresponds to 
a specific economic assumption 
ÁLinear objective function:  in the optimal product mix the 

objective function is revenue (price times quantity) for 
each good produced.  Revenue is linear if prices are given 
or fixed (i.e., if the firm is a price-taker) 

ÁLinear inequality constraints:  if the production process is a 
fixed-proportions production technology (as described 
below) the resource constraints will be linear inequalities 

ÁNon-negativity constraints:  arise naturally in economic 
problems.  E.g., production levels cannot be negative. 



Structure of LP Problem: 
 
Maximize R = PxX + PyY 
 
Subject to: 
aKxX + aKyY Ї + 
aLxX + aLyY Ї , 
 
8 Ј Φ 
9 Ј Φ 

linear inequality constraints 

non-negativity constraints 

objective function 



Structure of LP Problem: 
 
Maximize R = PxX + PyY 
 
Subject to: 
aKxX + aKyY Ї + 
aLxX + aLyY Ї , 
 
8 Ј Φ 
9 Ј Φ 



ÁPx is the price of good X 
ÁPy is the price of good Y 
ÁPxX is revenue from selling X units of good X 
ÁPyY is revenue from selling Y units of good Y 
ÁR is total revenue, which is to be maximized 
ÁaKx is the number of units of input K required to 

produce one unit of X; aKxX is the total amount of K 
used in producing X units of good X. Likewise aKyY is 
the total amount of K used in producing Y units of 
good Y.  

ÁThese amounts together, aKxX + aKyY, must be less 
than or equal to the fixed amount, K, of capital 
available. 



PX 3 X 0

PY 2 Y 0

aKx aKy 0.5 1

aLx aLy 3 1

K 5

L 12

objective function 0

Initial 
(incorrect) 
solution 

Value of objective function 
at proposed solution 



PX 3 X 2.8

PY 2 Y 3.6

aKx aKy 0.5 1

aLx aLy 3 1

K 5

L 12

objective function 15.6

Optimal 
solution 

Value of the objective function at the 
optimal solution ɀ ÃÁÌÌÅÄ ÔÈÅ ȰÖÁÌÕÅ ÏÆ 
ÔÈÅ ÐÒÏÇÒÁÍȱ 



With every LP Problem is associated another 
(specific) LP Problem called the Dual LP 
Problem. (The original LP Problem is called 
the Primal LP Problem.) 

The Dual LP Problem can be constructed in a 
mechanical way from the Primal LP Problem.  
That is, there is a strict algorithm for making 
Dual LP  Problems from Primal LP Problems. 



Minimize C = VKK + VLL 
 
Subject to: 
aKxVK + aLxVL Ј Px 

aKyVK + aLyVL Ј Py 
 
VK Ј Φ 
VL Ј Φ 
 

Maximize R = PxX + PyY 
 
Subject to: 
aKxX + aKyY Ї + 
aLxX + aLyY Ї , 
 
8 Ј Φ 
9 Ј Φ 



For the LP Problem given previously, the Dual 
LP Problem is: 

Minimize C = VKK + VLL 
 
Subject to: 
aKxVK + aLxVL Ј Px 
aKyVK + aLyVL Ј Py 
 
VK Ј Φ 
VL Ј Φ 
 



HOW THE DUAL DIFFERS FROM THE PRIMAL: 
Minimize C = VKK + VLL 
 
Subject to: 
aKxVK + aLxVL Ј Px 

aKyVK + aLyVL Ј Py 
 
VK Ј Φ 
VL Ј Φ 
 

instead of maximize 



HOW THE DUAL DIFFERS FROM THE PRIMAL: 
Minimize C = VKK + VLL 
 
Subject to: 
aKxVK + aLxVL Ј Px 

aKyVK + aLyVL Ј Py 
 
VK Ј Φ 
VL Ј Φ 
 

These parameters were in 
the constraints in the 
Primal LP Problem; now 
they are in the objective 
function of the Dual LP 
Problem 

VK and VL are new choice variables 
that appear in the objective 
function, the inequality 
constraints, and the non-
negativity constraints 



HOW THE DUAL DIFFERS FROM THE PRIMAL: 
Minimize C = VKK + VLL 
 
Subject to: 
aKxVK + aLxVL Ј Px 

aKyVK + aLyVL Ј Py 
 
VK Ј Φ 
VL Ј Φ 
 

coefficients aij transposed ɀ 
rows interchanged with 
columns 

inequalities reversed 

parameters formerly in the 
objective function of the Primal 
LP Problem appear in the 
constraints of the Dual LP 
Problem 



PX 3 VK 1.2

PY 2 VL 0.8

aKx aKy 0.5 1

aLx aLy 3 1

K 5

L 12

objective function 15.6

Optimal 
solution 

Value of the dual program 



Á The Primal LP Problem and the Dual LP Problem have the same 
solution. 

Á FALSE!!!! 
Á The solution to the primal problem is X=2.8 and Y=3.6.  The 

solution to the dual problem is VK=1.2 and VL=0.8. In fact, the 
primal and dual programs do not even have to have the same 
number of choice variables. 

Á If the primal problem has a solution, so does the dual problem, and 
value of the primal program is equal to the value of the dual 
program. 

Á TRUE!!!! 
Á The value of the primal program is 15.6; so is the value of the dual 

program. 
Á The Dual LP Program of the Dual LP Program is the Primal LP 

Program. 
Á TRUE!!!! 



ÁThe Primal LP Problem:  To maximize revenue 
from producing X and Y with the given 
technology (represented by the aij coefficients) 
and the available resources (represented by the 
fixed amounts of K and L ɀ there are 5 units of K 
available and 12 units of L) you should produce 
2.8 units of X and 3.6 units of Y. Producing this 
combination at the given prices will yield 15.6 
units of revenue. Any other combination of X 
and Y either produces less revenue or is 
infeasible. 



ÁHow much is capital (input K) worth?  How much is labor 
ɉÉÎÐÕÔ ,Ɋ ×ÏÒÔÈȩ 7Å ÄÏÎȭÔ ËÎÏ× ÂÅÃÁÕÓÅ ×Å ×ÅÒÅ ÇÉÖÅÎ 
only stocks of these resources.  But the solution to the 
dual LP problem gives us the valuation (or shadow prices) 
of the resources ɀ VK=1.2 and VL=0.8. 

ÁWhat do these valuations mean?  If we had one more unit 
of capital, we could increase the objective function of the 
primal problem by 1.2.  If we had one more unit of labor, 
we could increase the value of the objective function by 
0.8 

Á4ÈÅ ÄÕÁÌ ÓÏÌÕÔÉÏÎ ÖÁÒÉÁÂÌÅÓ ÉÄÅÎÔÉÆÙ ÔÈÅ ȰÂÏÔÔÌÅÎÅÃËȱ 
resources ɀ any resource not a bottleneck has a zero 
shadow price, and also gives us a relative value of the 
bottlenecks. 



One of the most significant changes in solid waste 
management has been the increasing rate of 
diversion of waste from garbage to recycling and 
composting.  Greater diversion means that the 
proportion of solid waste that is garbage is falling, 
while the proportions that consist of recyclables and 
compostables are rising. This change has important 
implications for the financing of waste removal, for 
the geography of waste removal, for investment in 
waste-handling capacity and infrastructure, and for 
the level of emissions associated with waste 
management.  

 



Solid waste consists of three streams:  garbage 
(G), recyclables (R), and compostables (C).  
Each of these waste streams is handled 
differently. The facilities to handle each 
stream are typically located in different 
places, subject to different constraints, have 
different costs, and the financing of each 
waste stream is different.  

 



Increased diversion of waste from garbage to 
recycling and composting has been a 
significant goal of public policy. Diversion 
from landfills would reduce greenhouse gases 
(see 
http://www.epa.gov/outreach/sources.html). 
Additionally, lowering ton-miles hauled 
would reduce transportation emissions, as 
would a shift in mode of transportation, say, 
from trucks to rail.  

 

http://www.epa.gov/outreach/sources.html



